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Abstract

Computable fields are the primary focus of this paper,
which contributes to the compelling field hypothesis. If
the elements of a structure's area are linked with
regular numbers, then the operations that take place in
this space are also computable functions. Maps
between fields can be expanded to maps between their
mathematical terminations, according to a variety of
classical results. We're thinking about when this will
be possible. That is, should there exist a computable
ex-pressure to the arithmetical terminations if the
majority of the fields contained are computable and we
are provided a computable guide? The classical
theorems hold effectively in a computable field F if
certain requirements are met, which are both
important and sufficient. It's possible to apply our
findings to fields that have been shown to contain
automorphisms, which are referred to as difference
fields. This paper investigates how to successfully
difference  fields

difference-shut fields (these are existentially shut

incorporate within ~ computed
difference fields, to be talked about). For computable
difference fields, even the most innocent resemblance
to remarkable consequences fails in every way. A large

range of fields (including abelian augmentations of a

prime field) can be found in which the corresponding

consequence can be better understood.

Paper Identification

Introduction

If F is a field, a polynomial F[X] is called separable if
it has no repeated roots an element a E of an algebraic
field extension E\F is called separable over F if its
minimal polynomial over F is a separable polynomial.
An algebraic field extension E\F is called separable if
every element of € is separable overF. Recall that if F
is finite or characteristic zero, then it is perfect, i.e.,
every algebraic extension is a separable extension. An
algebraic field extensionE\F is called purely
inseparable if E\F contains no separable elements.
Equivalently, € is a field of characteristic p >0 and

every element of €is the unique root of a polynomial
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X — a =0 with a€F. Given an algebraic field

extension E\F, the set
F*={a€&:aisseparable over F)}

Is the maximal separable extension of F inside of €and
is called the separable closure of F in €. The field
extension €\F*® is purely inseparable. In the special
case where € F is the algebraic closure of F, F* is
called the separable closure of F and is the maximal
separable extension ofF. An algebraic field extension
€\F is normal if every irreducible polynomial in F[X]
that has a root in E factors completely in €[X]. Normal
separable extensions E\F is called a Galois extension
and has associated to it the Galois group Gal (€\F) of
automorphisms of E Fixing F. Recall that the Galois
group obeys the fundamental theorem of Galois
Theory: the normal subgroups H Gal (€\F) correspond

to the intermediate normal field extensions.
Computable Fields

Recall that the splitting set S¢ of F is the set of all
polynomials pEF[X] which is reducible overF. The
splitting set of a field is not necessarily computable
(see but it is always c.e. If the splitting set ofF is
computable, then we say that F has a splitting
algorithm. Finite fields and algebraically closed fields
trivially have splitting algorithms. That Q has a
splitting algorithm, and also that many other field

extensions also have a splitting algorithm:

Theorem: The field Q has a splitting algorithm. If a
computable field F has a splitting algorithm, and is
transcendental overF, then ZF(a) has a splitting
algorithm if a separable and algebraic overF, then F
(a) has a splitting algorithm. Moreover, the splitting
algorithm for F (a) is uniform in the minimal
polynomial for an overFgiven a field F and an element

a is either transcendental overF, or separable and
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algebraic over F, we know that F (a) has a splitting
algorithm. However, the algorithm depends on whether
is transcendental or algebraic. To find a splitting
algorithm uniformly, we must know which the case is.
That every computable field F has a computable
and moreover there is a

TF—F. We call such

algebraic closure F,

computable embedding
anembedding a Rabin embedding. Moreover, he

characterized the image of F under this embedding:

Theorem: Let F is a computable field. Then
algebraically closed field F and a computable field
embedding tF — gebraic over 7(F). Moreover, for
any such F andr, the image t(F) equivalent to the
splitting set of FThere is a computable F such that F
is al-off F inF is TuringA computable field F has a
dependence algorithm if given a and b;...b,, we can
compute whether a is algebraically independent over
bi. . . bn.A field has a dependence algorithm if and only
if it has a computable transcendence base (see, for
example. In particular, fields of finite transcendence
degree have a dependence algorithm. Convention By
an extension €\F of computable fields, we mean that

there is a computable embedding of F intoe.

Difference Fields

Difference fields were first studied by Ritt in the
1930s. A good reference on the classical algebraic
theory of difference fields is the book. A difference
field is a field F together with an embedding cF—F.
If 6 is onto, (F, o) is called inversive. As every
difference field has a unique inversive closure up to
isomorphism, we lose nothing by assuming that all of

our difference fields are inversive.

A difference field (F, o) is called a difference closed
field if it is existentially closed in the language of
difference fields. Difference closed fields arose in the
model theoretic study of difference fields. F Is

difference closed if and only if?
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6 is an-automorphism of F;

F Is algebraically closed;

Vel xa(l)

The condition (iii) may be viewed as saying that
certain systems of equations and in equations have
solutions in F. Conditions (i), (ii), and (iii) axiomatize
the theory ACF A of difference closed fields. ACFAp
is decidable, and moreover the theories ACF A, of
difference closed fields of characteristic p are also
decidable for any p, including p. ACF A is the model
companion of the theory of difference fields and hence
every formula is equivalent, modulo ACF A, to an

existential formula.

Thus, we have: Every computable difference closed
field has a computable (full) elementary diagram. We
call a structure with a computable elementary diagram
decidable; thus every difference closed field is
decidable.

Extending Embeddings into the Algebraic Closure

We begin by showing that if F is any computable field
with a splitting algorithm, zF —F is a Rabin
embedding, and aF —k is a computable embedding of
F into an algebraically closed field x, then there is a
computable embedding of F into F extending o. In
particular, the new results here are in the case of
characteristic p>0. The new issue we have to deal with
in characteristic p>0 is that Theorem 2.1 fails for non-
separable extensions. We begin by finding the
separable closure of a field F within its algebraic

closureF.

Lemma Let F is a computable field. Then the
separable closure of F is c.e. If Fhas a splitting
algorithm, then the separable closure F* of F in F is

computable (so that have a plitting algorithm).

Proof. Embed F in its algebraic closureF. An element
a F is separable if and only if there is a polynomial
p(X) F[X] of degree m with p (a) 0 and with m distinct
roots inF. Thus the separable closure of F is c.e. If F
has a splitting algorithm, then given a € F we can find
the minimal polynomial p of an overF. Then ais
separable over if and only if p has no repeated roots,
which happens if and only if p (a) = 0. (Here, p'(X) is
the derivative of (F) with respect to, treating the
coefficients as constants.) So separable closure of F is
computable we are now ready to extend an embedding
from a field with a splitting algorithm. The main idea
is to break the embedding into two steps; first to extend
an embedding coF —k to an embedding BF* —k of the
separable closure of F intoK and second to note that §
extends to a unique embedding ofF into xand that this

extension is computable from f.

Theorem: let F be a computable field and (F— F a
Rabin embedding of F into its algebraic closure.
Suppose that F has a splitting algorithm. Then there is
a Turing functional ® such that whenever a F— is an
embedding of F into an algebraically closed fieldx,

ORF — k is an embedding of F into ki-extending o.

Proof. Since F has a splitting algorithm, the image «(F)
of k in F is computable. We may identify F with its
image. By Lemma 3.1 the separable closure F* of F is
computable as a subset of F and has a splitting

algorithm.

Let k be an algebraically closed field and a: F — k a
field embedding. We will begin Extend o to an
embedding BF® —k. Leta, a ...} be by describing a
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procedure to s an enumeration of the elements F. Start

with B defined only on F and 1-extending a.

Using the splitting algorithm for F, find the minimal
polynomial P;F[X] of a; overF. Find a solution b;x to
o (P1). Then define B on F(a;) by mapping a; to b.
Since a; is algebraic and separable over F (and we
know its minimal polynomial), we have a splitting
algorithm for F (ai). The separable closure of F(a;) is
F*. Now find the minimal polynomial P,F[X] of a>
over F(a;), and a solution by to a (P2). Define f on
F(ai, a2) by mapping a, to b,. Note that a, is separable

over F(a;) since

FcF(ay)c Flay,az) c F*

And F* is a separable algebraic extension ofF. Since a,
is algebraic and separable over F(a;), we have a
splitting algorithm for F (a, a). Its separable closure
is still F*. Continuing in this way, we define and

embedding  F* — k which 1-extends o F —k.

In characteristic zero, we are done since F5F. In
characteristic p0, we can extend B to an embedding
F—kin the following manner. Given bF, find the
minimal polynomial P F*[X] of b over F* (recalling
that F* have a splitting algorithm). Then P (X) is of the
form XP* — r 0 with rF. Note that b is the unique
solution of p(X) 0, and we can find the unique solution
cto P (p) (X) 0. Map b to c. This is the unique

embedding of F into k extending f.

The construction was uniform in o and k and so we get

the desired Turing functional ®.

We are now ready to prove Theorem 1.1, which says
that a field has a splitting algorithm if and only if it has
the computable (or uniform) extend-ability of

embeddings property.
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Proof of Theorem 1 the implication (1) (2) is Theorem
3 The implication (2) (3) is immediate. It remains to

show the implication (3) (1).

Fix F —F, a computable embedding of F into a
computable presentation F of its algebraic closure.
Suppose that every computable embedding of F into a
computable algebraically closed field ki-extends to a

computable embedding ofF intok.

We will attempt to construct a computable field k and
a computable embedding aF — k while attempting to
diagonalize against all potential computable extensions
¢c F— K (by having a(a) ¢c(1(a)) for some a F). We
know that the construction must fail, and from this we

will conclude that F has a splitting algorithm.

We construct k¥ by an effective Henkin-style
construction. The Henkin construction will be similar
to one that can be used to prove Rabin’s theorem that
every field embeds into a computable presentation of
its algebraic closure. See, for example, where this
construction is carried out in reverse mathematics.
(Rabin’s original proof constructed the algebraic
closure using a quotient of a polynomial ring with
infinitely many variables.) Let Ly be the language of
fields with constant symbols for the elements ofF, and
let T be the consistent theory of algebraically closed
fields together with the atomic diagram ofF. By
quantifier elimination for the theory of algebraically
closed fields, 7 is a complete theory and hence is
decidable. We want to construct a decidable prime
model of the theory 7, which gives an algebraic closure
Kk of F together with an embedding of F intok. The
embedding o F— k will be built as part of the Henkin
construction. Constructing a prime model requires a
slight modification of the Henkin construction, which
is possible in this case—we must also omit the type of
an element that is transcendental over k for the general

theorem on effectively omitting types).
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Let C = {co, ¢1 . . .} be the new constant symbols for
the Henkin construction. The domain of K will be the
equivalence classes of some computable equivalence
relation on C. Let ¢.F — C be a list of partial
computable functions which we interpret as the
possible computable embeddings F—k. Let {ao, ai, a> .

. .} be a computable enumeration ofF. We use a; to

denote the constant symbol associated with a;F.

Construction At each stage s, we define formulas do. . .
d; in the language Luc which form the partial diagram
of k at stage s. The theory = {p, 81 . . .} will be a
complete theory extending 7' which is the complete
diagram of the model k (with the domain of x being
the equivalence classes in C by the equivalence
relation ¢ d ¢ = d). At stage s, let ys = 8oF ds1. We can

arrange the construction so that the only constant

symbols from F that appear in ds are ao. . . as.
At stage 0, let g be co = co. kK

At stage s = 4t + 1, we try to diagonalize against a @
for e < t. Search for an e < t and an i<s+5 such that
¢e.(1(ai)) = cj and (where c=(co, ci, . . .) is the sequence

of constants from C that appear in vs):

By ys[x ~c ], we mean that the variables x = (xo, X1, .
..) have been substituted for the constants ¢ = (co, C1, .
. .). This is a bounded search since T is decidable and
we only have to search through finitely many a;. If
such an e exists, choose the least e such that we have
not yet diagonal zed against ¢.. Then set 3 to be the
formula a; # c; for that e. If no such e exists, set Js to be

the formula co = co.

At stages s =4t + 2, s =4t + 3 and s = 4t + 4, we act as
in the standard method of constructing a computable
prime model (e.g., Theorems 5.1 and 7.1 of
Harizanov’s survey, as follows: is of the form (x) ¢ (x),

then

At stage s = 4t + 2, we add a Henkin witness for &. If &

Let c; be a constant which does not appear in ys and let
s be ¢(ci). Otherwise, set ds to be the formula co

= Co.

At stage s = 4t+3, we satisfy the completeness
requirement for the sentence y; from some fixed listing
(X0 of the sentences in the language Luc . Let ¢ be
the constants from C which appear in ys and ;.. Check
whether if this is the case, let 3 be y;.. Otherwise, let s

be .

At stage s = 4t+4, we omit the type of an element
transcendental overF. We will have c; satisfy some
polynomial overFLet ¢ be the constants from C
which appear in v, except for c. Search for a
polynomial p(x)F[X] such that Set & to be the formula
p(c) = 0. Some such polynomial p must exist as the

type of a transcendental over F is a non-principal

type. ¢

Verification By the standard Henkin construction
arguments, we get a decidable prime model K whose
domain consists of equivalence classes from C. We get
a computable embedding o of F into K by mapping
aF to the element of Klabeled by the symbola. Then
a extends to an embedding f of F intoX, which we
may represent as a computable map ge F—C (by, say,
choosing @e(a) to be the least element of C in the
equivalence class of f(a), which we can do computably
since the equivalence classes are computable).There is
a stage s0 after which we never diagonalize against an

e'< e. We never diagonalize against e.

Claim. Let b€ F and ¢ be a stage such that @c(b) |= c;
for some jew. Let s = 4t + 1. Then be> 7(F) if and

only if there is some i such that

T - vVz(vs|z/e] = a, = ;).
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Proof. Given (*), in K the constant symbol a; is
interpreted as the equivalence class of ¢; . Thus a maps
a; to the equivalence class of ¢; since p extends a and is
one-to-one, 7(a;) = b. On the other hand, suppose that
b z(F), say b = aj, and suppose to the contrary that (*)
does not hold. We have two cases. First, if i <s + 5,
then we set §s to be the formula a; # ¢;. Then o(ai) # ¢;
= @.(1(a;)),which is a contradiction. Second, if i >s+5,
then let s>s be the first stageof the form s=4t+1 with
i<st5. We have >s (as if i<s'we could have chosen s —
4). Since the only constant symbols from F that appear
in ysare ag..... as, and > s, a does not appear in .
Then we have we set &' to be the formula a; # ¢; which

again yields a contradiction.

Hence (*) holds, The claim gives us a decision
procedure for 7(*)F. At any stage s, there are only
finitely many constants ¢ €C mentioned in y,, and
hence only finitely many a; such that we might
possibly have (*). So given b€ F, compute s = 4t+1 >
so and j such that ¢ b |= ¢, F e,t*) and then check (x)
for the finitely many possible a; to decide whether

br(F).

Corollary Let F be a computable algebraic field and
F—F a computable embed-ding of Finto a
computable presentation of its algebraic closure. Let k

be a computable algebraically closed field.
Then the following are equivalent:

F Has a splitting algorithm, There is a Turing
functional ® which takes an embedding a€ F— k to
an embedding ®* of Minto x extending a, Every

computable embedding of every computable
embedding of into k 1-extends to a computable
embedding of into k Proof. By Theorem 1.1, it success
to show that in the statement implies that F has the
computable extend-ability property with respect to

F-F.
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Let o€ F—L be a computable embedding of Finto a
computable algebraically closed field L.

We can enumerate, inL, the algebraic closure of the
prime field and this contains the image o (F). So we
may assume that L is the algebraic closure of its prime

field.

We can compute an embedding L —k and let a (F)
—K be a. By (3), there is an embedding o (F) —» K

which 1-extends

Conclusion

We will conclude this paper by applying our results to
difference closed fields. The main idea will be to note
that (F, o) embeds into a computable difference closed
field if and only if there is an embedding 1 of F into
Fand an automorphism t of F such that 1 1-extends c.
In the one direction, this will follow from an effective
Henkin construction, while on the other hand it will
follow from the fact that the algebraic closure of the
prime field can be enumerated in any difference closed

field.
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