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Abstract
In this paper, we have obtained the generating function
and a general formula to find out nth term of 2-
Fibonacci sequences. In the later section, some
generalized properties of 2-Fibonacci sequences are
finding out by applying the concept of congurence and

matrix methods.
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1. Introduction

In [1], four different ways of constructing two
sequences {a;}i~, and {B;}iZ, are described and are
called 2-Fibonacci sequences. Many properties were
investigated by many authors like [1,2,3,4,5,6]. In this
paper, we consider the following 2-Fibonacci

sequences defined as:

Ansz2 = Bnsr + Bny Bnsz =
7 €Y

with initial conditions ay =0, a; =1 ,8, =2 and

Ope1 + Ay n

B1 = 1 . First few terms of 2-Fibonacci sequences are

given by
a; =3 , £, =1
a3 =2, ;=%
a, =5, Ba=5
o5 = oo, 7
and so on.

Now, the following equation
r*—r?2-2r—-1=0

(2)

is satisfied by the above 2-Fibonacci sequences.

On solving equation (2), the four roots are given by

1445 1-+5 -1+iV3
TT 2 0T T YT
-1-iV3
-T2

From the recurrence relation we observed that 2-

2
, W

14

Fibonacci numbers are also forms acomplete
sequence. This means that every positive integer
can be written as a sum of 2-Fibonacci numbers,

where any one number is used once at most. Also,
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by taking the ratio of a two consecutive 2-
Fibonacci numbers larger divided by smaller, the

sequence obtained approaches to the golden ratio.

2. Generating Functions
Let gr, (t) be a polynomial of infinite degree with
coefficients as 2-Fibonacci sequence {a,,} (defined by
(1)) i.e., defined by

gr, () = Z e

n=0
Theorem 2.1 Then the generating functions for 2-

Fibonacci sequences {«,} and {£,,}

are given by
i 5 t+3t2+¢3
a =
" 1—t2 APt3 —t*
n=0
and
i M 2= t2 —¢3
bt =1"p _p_n
n=0

Proof Consider

[oe]

grL () = Z % t"

n=0

=t+3t?+2¢3

e Z(an—z + 2“11—3 +an—4)tn

n=4

=t+3t2 +t3 4 gp, @) (% + 262 + %)

t+3t%24+t3
gF,L(t)=1_t2_2t3_t4

Similarly, generating function gr, (t) for 2-Fibonacci

sequence {£,}

i g 2=ttt
bt =1 p_p
n=0

Theorem 2.1 For all non-negative integer n, the nth
term of 2-Fibonacci sequences can be expressed by

following formulas
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(yn+4 + yn+1)

T 3 Teayy Yermpre)
s (6n+4 + 6~n+1)
G-1NG - )@ —w?)
N 2(1)"+1
CENCEDICET )
2w2n+2
T @ =)@ —w)
and
% zyn+3
e e S Temn)
N 26n+3
G- - )@ —w?)
zwn+1
(@ - - & —w)
2(w?)"*1
@2 — P)(? - §)(W? — w)
Proof

We can easily prove this theorem by using the
generating function for the 2-Fibonacci sequences a,,

and f3,, respectively.

3. Some Results of 2-Fibonacci Sequences

based on Congruence

31 a,= (B, + (@A —1))(mod 3), where n =
r(mod 3)
Proof The result being certainly true for n = 1.Let us
assume that results holds for n = 2,3,...k. Now, by
using induction and (1), we have

Bis1+ (A —1)=Bx + Br_s —3r+6(mod 3) =

Bx + Br_1(mod 3) = ay,,(mod 3).,

where k = r — 1(mod 3). Thus, by induction it holds
for all natural number
Corollary 3.1.1 a, > B, ,
Bn > a, ,if n=0(mod 3)
Proof It follows directly from (3.1)

if n=2(mod 3) and

3.2 Relation of 2-Fibonacci sequences with Fibonacci

sequence
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Fpoip1= a,+ (@ —1)=p,+ (@ —1)(mod 3).where
n = r(mod 3) 3)
Proof Clearly, result holds for n = 1.
Now, by using induction and result (3.1), we have
Fpiz = Fpyq + Fy = Pryg + (r — 1)(mod 3)
= a,41 + (1 —1)(mod 3),
where n + 1 = r(mod 3).

Thus, by induction, (3) is true for all natural number

3.3 a, and B, isevenif n = 0(mod 3) and it is odd
ifn=1,2(mod 3)
Proof From [5], F, is even if n = 0(mod 3),

therefore from relation (3), the above result holds

3.4 Binet Formula for 2-Fibonacci sequences can

also be expressed as

yriogn+t

—ea - @t (1 —7) =D —i
v-6

where n = r(mod 3) 4)

Proof The Binet formula for Fibonacci sequence [3] is

given by
yn+1 . é‘n+1
= Fu1

y—26

where y = 1+2—‘/g ,0 = 1_2—‘/g,therefore (3.2) follows

(3.4)

3.5 If n/3, then B,% = 0(nod 4) ,otherwise B,
1(mod 4)

3.6 If n/3, then a,? = 0(mod 4) ,otherwise a,? =
1(mod 4)

378" — Bus” = @ — a5 (mod 4)

Proof 3.5 and 3.6 directly follows from result
3.3.Also,the result 3.7 is particular case of 3.5 and 3.6
3.8  (Cassini Bu-1Bni1i — Bn> =
3(—1)"*(mod 4)

39 a,_1a,.1 — a,* = 3(—=1)""(mod 4)

Proof

identity)

Clearly, result holds for n = 1.Let result hold for n.

By using 3.7 and (1), consider

PrBrsz = Bns1”® = Bn(Bn + 2Bn-1 + Bn-2)
— (Bn-1+ 2Bz + Bn-3)*
= Bn’ = Bus” + 2BuBn-1 + BnPr-2 — Bn-i’
— 2fn-1Pn-3(mod 4)
= 2Bp-1(Bn — Bn-3) + 3(=1)""*(mod 4)
= 3(—-1)""1(mod 4)
Hence, the result, in a similar way we can prove 3.9
identity
4. Results using Matrix Methods

0121

Introduce a matrix E = such that

1 000
0100
0 010
detE = —1.Here, matrix E is called generating matrix

for 2-Fibonacci sequences defined by equation (1).

Theorem 4.1 For all positive integers n following
results hold:

Ani3
Ani2
da
( ) Ani1
a,

Any2

Ani1
a,

On-1

Bn+3
Bn+2 il
(b) Bni1 |

Bn

Bn+2
ﬁn+1
Bn
ﬂn—l

Sor o
o RO R
oo N
coo R

Sor o
oORO R
oo N
coo R

)
s
SrwN

Bn+2

@ i

ﬂn—l

— En—l

SRS

Proof By using induction, these results have a simple

proof.
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Now, we will establish a formula named as Binet’s
formula for finding out any nth term of 2-Fibonacci
sequences using the matrix E. [8, 9] established the
Binet’s formula for Tribonacci and Pentanacci

sequence. Now, the characteristic polynomial of matrix

E is given by
-2 1 2 1

|E — Ayl = (1] ‘1’1 _0/1 8 =t —2-21-1
O 0 1 -2

Where A is the eigenvalue of the matrix E. On solving
the characteristic equation, the four eigen values of
matrix E are given by

_1+45 621—\/5 w:—1+i\/§

2 b 2
-1-iV3
¥y
Next, we will find out the eigenvectors corresponding

2
, W

14

to these eigenvalues. The eigenvectors are the non-zero
solutions of the following homogenous system of
equation

(E = Alyxa)y =0

where y is a column vector of order 4 x 1.By solving
this homogenous system of equations, eigen vectors

corresponding to eigenvalues y,8,w and w? are

y? 53 w3 (w?)®
2 62 2 ((1.)2)2 "
14 w
y ' oalie and e respectively.
1 1 1 1

Now, consider a matrix M containing eigenvectors of
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where A= (0-6)(w?-8)(w?—w),B=
(@ —N(@? - 7)(w? - w),
C=(06-y)(w?=py)(w?-205) and det M =
(@ = 8)(w? = §)(@? — w)(w =) (W =) — 3).
Let’s consider a diagonal matrix D whose diagonal
entries are the eigenvalues of matrix E. Then using the
diagonalizablity of matrix E, we have E = MDM ™~ or
E™ = MD™M~'.Then, by using theorem 3.1 and the

recurrence relation of 2-Fibonacci numbers, we have

(yn+4 + yn+1)

TG00 -0 - ?)
+ (5n+4 + 6n+1)
@ -1NE-w)© -0
+ 20)1’1+1
@ — 1) —8)(®—w?)
= 2w2n+2
(@2 —1)(@? = 8)(@? — )
And
- zyn+3
T Yo Yo
26n+3
DTS
an+1
(@=-P@-8-w)
2(@2)n+1

(0? =p)(w? = 8)(w? — w)

Hence proved.

matrix E
P 8 WP o
M= yz 52 wz 0)4
y 1) W w?
1 1 1 1/ 4xa
Then its inverse is given by
M—l
A Alw?+w+68) —wA(w?+ ws +98) Sww?A
1 /—B —B(w?+w+7y) w B(w? + wy +y) —ywsz\
detM\ C  Cl+y+8) —C(0*y+ 0’y +79) y(SwzC/
D _Dw+y+9) D(wy +yd + wé) —yéwD /,_,
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