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Abstract
There are numerous approaches in numerical
mathematics for approximating a given function by a
class of simpler functions. Recently, wavelet functions
have been demonstrated to be an efficient
approximation tool. The writers of this article have
demonstrated how to approximate a polynomial
function using wavelet bases. Thus, this work is
explanatory in nature and includes a full description of

the procedure.
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1. Introduction

In this Paper,we consider the problem of

approximating a given function with the help of a

wavelet function. Since the polynomial functions are

commonly used in numerical mathematics, let us
investigate the procedure for their approximation using
wavelet techniques. In chapter-7 of [ 3 ] Rafael
C.Gonzalez and Richard E. Woods have shown that a
signal or function f(x) can be better analyzed if we
express it as a linear combination of expansion
functions

F0) =) ab@®

k
where k is an integer, a; are real-valued expansion

cofficients and the ¢, (x) are expansion functions. If
the expansion set{¢,(x)} is a basis, for the class of
functions that can be so expressed, then the expansion
is unique.The expressible functions form a function

space.This can be denoted as

V = span, ¢ (x)

f(x) €V means that f(x) is in the closed span of
{¢px(x)}. The expansion functions may form an
orthonormal basis for V or it may be a frame.

1.1 The wavelet series expansions

In this work, wavelet functions have been used as
expansion functions. Consider integer translations and

binary dilation of a scaling function ¢ (x), that is,
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B, = 25p(@Ix — k)

We can select ¢(x) wisely so that {¢;,(x)} can be
made to span the set of all measurable, square-
integrable functions L?(R).

If we specify the value j = j’, the resulting expansion

set,{¢j, x(x)} is a subset of {¢; , (x)} .
We can define that subspace as

Vi, = spandji k)

and f(x) € Vj, can be written as

F0) =) @)

k

In general, we will denote the subspace spanned over k

for any j as

V; = spany;« (x)

For a scaling function that satisfies Multiresolution
Analysis (MRA) conditions, we can define a wavelet
function (x) that, together with its integer translates
and binary scalings, spans the difference between any
two adjacent scaling subspaces , V; and V; ;.

We denote the set of wavelets {; . (x)} as

() = 259(2x — )

Thus
Vl = VO @ WO
V=V, @W, =V, W, & W,
We write
W; = spant; . (x)
For f(x) e W;,

F0) =) au)

k

@)
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The Scaling and wavelet function spaces are related by
Vs =V, ® W,

where @ denote the union of spaces. The orthogonal
compliment of V; in V;,, is W; and all members of V;
are orthogonal to the members of W;. Therefor,
<P >=0
forj,k,leZ
Thus, we can express the space of all measurable
square-integrable functions as
LPR) =V, W, &W, D... (3)
or
PR =V,OW,dW, ®...

2Ry .. OW_,OW_,OW, dW, D W,
®....
In general ,for an arbitary starting scale j° , we can
write
L*R)=V, ®@W;, ®W,, D....
From (1),(2) and (3), it follows that
{Wjxij k €Z,j = 03U {ox: k € Z)
is a basis for L?(R). Hence, we define the wavelet

(4)

series expansion of function f(x) € L?(R) relative to
wavelet y(x) and scaling function ¢ (x). Using (4) we
can write wavelet series expansion of function f(x) €
L*(R)

f(x) = X co(k)por(x) +
Yo Xk dj(k)W;r(x)

where ¢, (k) are called approximation or scaling

()
cofficients, and d;(k) are termed as wavelet

cofficients. These expansion coefficients are calculated

as
co(k) =< f(x), Po(x) >=
J F)pox(x)dx

and

(6)

dj(k) =< f(x), ¥ (x) >= [ fCOP;rdx
One can go through the texts [1] ,[2] and [4] for

()

detailed study.
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2. Procedure of Approximation
In order to illustrate the procedure, let us consider the

quadratic function

fx) =
{ x> —=5x+6 0<x<4
0, elsewhere.

shown in Fig.(1). For the sake of simplicity, we are

using Haar wavelets.

Figure 1: Graph of f(x)

Haar Scaling function is defined as

_ 1, 0<x<1
¢&) = { 0 elsewhere.

Haar wavelet function is

1, 0<x<05
Y(x) = -1, 0.55x<1)
0, elsewhere.

From equation (5)

Y= F@) =) 600boxC)+ ). > dy (ko)
=0 k&

k

Yy = f(x) = co(0)o0(x) + co(1)po,1(x)
+ €0(2) o2 (x) + co(3) o 3(x)

¥ i > 4@
=0 &

Equation (6) can be used to compute expansion
coefficients ¢, (k):

4
¢ (0) = f (x% = 5x + 6) g o (x)dx
0

L 23
=f(x2—5x+6)dx=—
A 6

= 3.833

co(1) = f4 (x* — 5x + 6) g 1 (x)dx
0

= f (x* —5x + 6)p(x — 1)dx
0

=f12 (x2—5x+6)dx=§=

0.833

¢ (2) = f (x* = 5x + 6) g, (x)dx
0

3
=J (x*> —8x + 6)dx = —
% 6

= —0.166

(3 = [ (x* —5x+

6)poa(x)dx = [} (x? — 5x + 6)dx == = 0.833

Figure 2: Graph of 1,

Using the above expansion coefficients Fig (2) shows

the approximation of the function in the subspace V.
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The wavelet coefficients d;(k) are computed using
equation (7). At level j=0,

do(0) = [} (x* —5x +
6)Wo,0(x)dx

= [, (x% = 5x + 6)Y(x)dx

= foé (x? = 5x + 6)Y(x)dx +

i (2 = 5x + 6)P(x)dx

L 1
=f2(x2—5x+6)dx—fl (x? — 5x + 6)dx
0 2
-1
do(1) = | (x* = 5 + )y, ()
0
= [ (¢ = 5x + &)Y (x — Ddx

= [7 (&% = 5x + 6)p(x)dx +

fgz (x? = 5x + 6)Y(x)dx

3
= 7 (* = 5x + 6)dx = & (x? —
2
5x + 6)dx
=2=05
2

do(2) = f; (x* = 5x +

6) (x)dx
= [ (¢ = 5x + &)Y (x — 2)dx
= [z (" — 5x + 6)Y(x)dx +

5 (x? = 5x + 6)p(x)dx

= fzg (x2 = 5x + 6)dx — fg (x2 -
5x + 6)dx

=0

do(3) = [} (x* —5x+
6) 103 (x)dx

= [ (2% = 5x + 6)Y(x — 3)dx
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= f; (x% = 5x + 6)Y(x)dx +

[ (x? = 5x + 6)Y(x)dx

7
= [2 (x* = 5x + 6)dx — [ (2 -
2
S5x + 6)dx
=2=-05
2

using the above wavelet coefficients Fig. (3) shows the

approximation of the function in the subspace Wj.

V- A

X A

Figure 3: Graph of W,
Since
V=V, & W,
Fig.(4) shows the approximation of the function in the

subspace V;.

Figure 4: Graph of V;
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At level j=1, let us compute wavelet coefficients. u
J P = [ (x* = 5x + 6)V2dx —
2

d(0) = [} (x* —5x + JF Va(x? = 5x + 6)dx
Syho()dx = 01325

= [; (x? = 5x + 6)V2ip(2x)dx dy(4) = [} (x? = 5x +

= foi (x? — 5x + 6)V2dx — 6)1h1,4(x)dx
%\/_ z = f: (x2 = 5x + 6)V2yP(2x —
f% 2(x? — 5x + 6)dx .
— % = 0.3977 > f; Vet — 5+ 60t -
& V2(x* - 5% + 6)dx
B =fy * =5x+ =2 _ 0,0441
6)11,1(x)dx
= f: (x% — 5x + 6)V2y(2x —
D dy(8) = [} (2 — 52 +
= fE (x% — 5x + 6)V2dx — 6), 5(x)dx
1 2 :f04(x2—5X+6)\/51/)(2x_
fi V2(x* - 5x + 6)dx -
. 1
= % = 0.3093 e Fenc S
Ji V2(x? — 5x + 6)dx
(DL LG 5x + =2 = _0.0441
6)112(x)dx
= f: (x% — 5x + 6)V2y(2x —
2)dx d, (6) = f: (x% — 5x +

= flg (x? — 5x + 6)V2dx — Gl el
= [ (x% — 50+ 6)V2y(2x —

3
J& V2(x? - 5x + 6)dx
4

=302 _ 52209
192

d,(3) = [, (x* —5x+
6)¢1,3 (x)dx

= Jy (% = 5x + 6)V2p(2x —

3)dx

6)dx
E
= [;* (x* — 5x + 6)V2dx —
7
J& V2(x? — 5x + 6)dx
4

_ 182 _
T o192

—0.1325

d(7) = f; (x? —5x +
6),7(x)dx
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= F (x? — 5x + 6)V2(2x — 7)dx
0

15

= [,* (x* = 5x + 6)V2dx —

2
fit V2(x? — 5x + 6)dx
4

= 302 _ 02209
192

The above wavelet coefficients have been used to
approximate the function in the subspace of next scale.
Fig.(5) shows the approximation of the function in the

subspace W;.

Figure 5: Graph of W,
V2 = V1 @ W1

¢(0) + do(0) + d, (0) = 5.2307

¢o(0) + d, (0) + dy (1) = 5.1423

co(1) + do(1) + dy (2) = 1.5539

co(1) + co(1) + dy (3) = 14655

co(2) + ¢o(2) + dy(4) = —0.1219

co(2) + ¢(2) + dy(5) = —0.2101
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co(3) + ¢o(3) + d;(6) = 0.2005
co(3) + ¢o(3) + dy(7) = 0.1121

Figure 6: Graph of V,
These values have been used for next scale
approximation. Fig.(6) shows the approximation of the

function in the subspace V,.

3. Conclusion

The terms ¢, (k) are being used to generate a subspace
V, approximation of the function. This approximation
is shown in Fig(2) and is the average value of the
original function. The terms d,(k) are used to refine
the approximation by adding a level of detail from
subspace W,. The added detail and resulting V;
approximation are shown in Fig.(3) and Fig.(4),
respectively. Another level of detail is added by the
subspace W, coefficients d, (k). This additional detail
is shown in Fig.(5) and the resulting V, approximation
is defined in Fig.(6).Note that the expansion is now
beginning to resemble the original function. As higher
scales are added, the approximation becomes a more
precise representation of the function,realizeing it in
the limit as j — co. It is also important to note that we
are using Haar wavelet bases which are itself
discontinuous and approximating a continuous smooth
function.Therefore, the resulting approximation is not
well effective. Instead, if we use spline wavelets, then
the resulting approximation is expected to be more

effective.
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