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Abstract

Fuzzy sets are a powerful tool for coping with uncertainty and imprecision in a variety of
disciplines, but their basic implementations are limited in their ability to represent complex and
ambiguous data. This paper investigates the significance and practical applications of fuzzy set
extensions, such as Intuitionistic Fuzzy Sets, Pythagorean Fuzzy Sets, and Fermatean Fuzzy Sets,
which surmount these limitations and permit more complex analysis. In addition, we discuss
operators on Intuitionistic Fuzzy Sets, establish theorems regarding their relationships, and
introduce a new distance measure that takes into account both membership and non-membership
functions, demonstrating its significance through a pattern recognition problem. The results
demonstrate the potential of fuzzy set extensions, operators, and distance measures for obtaining
a deeper understanding of complex real-world systems and making informed decisions in a
variety of fields.
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1. Introduction
L.A. Zadeh created fuzzy set (FS) theory in 1965{15} to resolve ambiguous and inaccurate
information. Each entry in a FS has a membership value, which indicates the degree of an event
and has a value between [0,1]. Numerous decision-making issues can be solved with fuzzy sets,
including medical diagnosis, pattern identification, cluster analysis and many others. Atanassov
{1} thought up the I-FS (intuitionistic fuzzy set). Each I-FS element has a M-D (membership
degree) and a N-MD (non-membership degree) in the range [0,1] having sum less than or equal
to 1. This limit on the total of M-D limits the application of I-FSs. Yeger {13} proposed the
concept of P-FS (Pythagorean fuzzy set) as an extension of I-FSs. Every element in a P-FS has a

M-G of hy(s) and a N-MG of g,(8) with the square sum of these two grades being no more
than one, (hA(zs))z + (gA(zs))z > 1. For instance, if h,(8) =0.8 and g,(8) = 0.7 then

(hA(zs))2 + (gA(zs))2 = 1.13 > 1. Senapati and Yager {11} then put out the idea of F-FSs

3 3
(fermatean fuzzy sets). A F-FS has the following properties: (rf(s)) + (Sf(zs)) < 1. This

suggests that F-FSs are more powerful than FSs, I-FSs, and P-FSs since they are all confined
within the space of F-FSs. Torra {12} H-FS (Hesitant fuzzy sets) are described as a function that
generates a set of membership values for each domain element.

Various extension of FSs have been discussed based on their need and importance. Some
important results regarding the operation of 1-FSs has been obtained. As we know different
distance measures have been discussed by numerous researchers for different types of FSs.
These distance measurements undoubtedly meet the metric’s requirements, and the normalized
Euclidean distance has certain desirable geometric characteristics. Yet it might not fit as well in
practice. For instance, consider three I-FS J, K and L in the equation {X = x1}, where J = (1, 0, 0),
K=(0,1,0),and L =(0, 0, 1). If we interpret using the ten-person deciding model, J = (1, 0, 0)
represents ten people who all are in favor of a candidate; K = (0, 1, 0) denotes ten people who all
are against him; and L = (0, 0, 1) denotes ten people who all hesitate. So, it makes sense for us to
assume that J and L differ less from one another than J and K do. But, for the above-described
Euclidean distance, the distance between J and L is nearly identical to the distance between J and
K, which does not seem to make sense to us as a result, we offer a broader definition of the
distance between I-FSs. in this study based on the definition of similarity measure provided by
Li and Cheng [2] our offered distance was proved more reasonable than Li and cheng.

The remaining part of the paper is organized as follows: Preliminaries and fundamental

ideas are contained in Section 2. Extension of FSs is specified in Section 3 in terms of their
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politeness. Section 4 contains properties of I-FSs, and theorem proofs are found in Section 5. A
distance measure between I-FS is introduced in Section 6, including new distance measure with

a numerical example, and Section 7 contains a conclusion.
2. Preliminaries and Basic Concepts

2.1 Definition
A Fuzzy Set (FS) {15}E in S is an ordered pair set if s is group of elements denoted generally
by E = {(s, ug(s))|s €S}, where u z(s) is called membership function(M-F) and its value

lies in closed interval [0,1].

2.2 Definition
T2FS, {8} An extension of ordinary FS that is T1FS and is characterized by Type-2 M-F
u,(s,u). Let S be a fixed universe a T2FS z < S which is interpreted mathematically as Z =
Bupuzsu))|ls €eS,u €j, €[0,1].inwhich0 <u (s,u) <1 Itcan also be written

as

| j m)/s |seSue), o1 = j ! [ f Ejé(g,s(u)/u)] /s

where u(8) = [ _. (gs(w)/u) is the M-G, g,(u) = pz(s,u) named as secondary M-F where

UEj4

Uz is primary M-F of Z and j, is called Primary M-F of s.

2.3 Definition
FOU (Footprint of Uncertainty) {10} for T2FS we are having 3-D structure which becomes very
difficult for calculation, so we take the base of 3rd dimension to calculate the values which is
called FOU. It can be defined as the union of all Primary M-Fs thatis FOU(Z) =U 45 (j;)-

3. Extension of Fuzzy sets

11 0 B
: : where &;; represents evaluation of alternatives A; under criteria
Sm1 7 Smn

A=

k;.For a decision-making problem we have
A: Objective.
B: Criteria (k;).

C: Alternatives (4;).
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3.1 Definition

Intuitionistic Fuzzy set, if a person is representing the ratio of &;; in terms of M-D and the

N-MD pair. An object of the following form is what Atanassov {1} definesasan I-FS Jin S.
M = {8,u;(8),v;(8):8€S,}

where u;(8) € [0,1] and v;(8) € [0,1]} is called as M-D and N-MD respectively such that 0 <
u;(8) +v;(8) <1V8 ES.

3.2 Definition
Interval valued I-FS; If an expert gives his decision value of &;; in terms of interval [L.U] {1}
introduced IVIF. Let a set S be fixed, an IVIFS J over S Is an object having the form J =
8,15 (8), Wit (8), vi(8), vi(s) where (u(s),ul(s)) = [0,1] and vi(s),v¥(s) = [0,1] under the

constraint pj(s) + vy'(8) < 1.

3.3 Definition
Hesitant FS: Tora v {12} extended the concept of I-FS to hesitant FS which permits the M-D a
discrete set of [0, 1]. If a person rates the value of 5;,; = 0.5,0.6,0.55 Let P be a reference set,
then we describe hesitant FS on S in terms of function h that when applied to S yields a subset of
[0,1] E = s, hg(8); 8 € S they consider only agree Nance that is why we feel need of dual

hesitant fuzzy set.

3.4 Definition

A dual hesitant FS is a type of FS that is defined using two different functions to determine the
M-D and N-MD for every set's element. These functions provide two sets of values, one as M-D
and another as N-MD, which can be used to represent the degree of uncertainty or hesitation
associated with each element's membership in the set. Given a fixed set P, a dual hesitant FS «
on P is interpreted as. o = (p, h(p), g(P)); v € P)

in which h(p) and g(p) are two sets of some values in [0,1] signifying the possible M-D and N-
MD of the element p € P to the set a, respectively, under the constraint 0 <vy,0 <1:0 <
y* + 6% < 1. Where yTand 6% denotes the maximum of degree of agree Nance and degree of

disagree Nance.

3.5 Definition
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P-FS: If someone give rating of s;; as (0.7, 0.4) which is not less than 1 then we use P-FS
introduced by {13}. Let S be a universe of discourse (UOD), a P-FS in S is given byE =
(8,hg(8),9:(8); 8 €S) where hg,gg:8—[0,1] are M-D and N-MD with condition

(hE(zs))2 + (gE(s))2 <1 for all s in S, the degree of indeterminacy is given by y;(s) =

\/1 — (h,;(zs))2 — (gE(zs))Z For connivance zhang and Xu {13} called hz(8),gz(8) a P-F

number and is represented as E = (hg, gg).

3.6 Definition
Hesitant Pythagorean fuzzy set (HPFS); introduced by {7} defined as
E = {(5,h(5),g(5))};5 € S with condition 0<y,06 <1:0< (y")?+(6")?2 < 1Vs8ES,y €

h(s),0 € g(s).

3.7 Definition
Linguistic Pythagorean fuzzy set (LPFS); if someone has to say about linguistic behavior for
example beauty, we can't say 70 percent or 80 percent beautiful here we use terms like more
beautiful very beautiful etc. LPFS was introduced by {5} is defined as E = {S, hz(8), gz (8); 8 €
S} where hg, gg represents linguistic M-D and N-MD respectively with condition (h? + g2 <
t2).

3.8 Definition
Single valued neutrosophic fuzzy set (SVNFS);{4} In this set we have indeterminacy factor as
well and is defined as E = {S, hz(8), gg(8),i5(8); 8 € S} with condition hg, gg, iy € [0,1] and
0 < hg+gg+1; <3 for each s in S. Here hz(s8), gg(8),ig(8) represents M-D, N-MD, and
indeterminacy. If a person says 0.5\% is true, 0.7\% not true and 0.2\% is not sure here not sure

part is only taken into consideration in neutrosophic set.

3.9 Definition
Fermatean fuzzy set; when someone provides a pair (rf(zs),sf(zs)) as the M-D and N-MD like

(0.9, 0.6) then the condition of I-FS and P-FS are not satisfied.
(0.9) + (0.6) > 1,(0.9)? + (.6)? > 1, however, it satisfies the condition
(0.9)3 + (.6)3 < 1 So F-FSs are here good to control it introduced by {11}. Let S be the UOD

and F be the fermatean set defined as

F = {(5,rp(5),sp(5));5 € S} with condition 0 < (rp(é))s + (Sp(é))3 <1
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Also ip(8) = 3\/1 — (rp(zs))3 — (sp(s))3 is identified as degree indeterminacy.

4 Properties of Intuitionistic Fuzzy set operators
Operators of I-FSs {2,3,6,9}, For Every two I-FSs U and V The following Operations and
Relations can be defined as Let u, (8), u,(8)be the degree of membership and a,,(8), a,,(8), are

degree of non-membership of fuzzy set U and V respectively than we define

Max Operator as

o U+V = {max(u,(s), 1y(8)), min(a,(s),4,(5))}
e UV = {min (4,(8), 1t,(5)), max (a,(5), 4, (8))}

Algebraic Operator

e UDV = (.uu(5) + 1y, (8) — 1y (8) ﬂv(5)rAu(5)Av(5))
e U ® V= (Mu(5)ﬂv(5)fAu(5) + Av(5) = Au(‘s)Av('5))
Einstein Operator

_ My (8)+uy(8) 2464 (8)Ay(8)
* u EH V= 1+py (&) uy(8) ’ (Z_Au(‘s))(2_/\1;(45))+(Au(5)1\v(5))

— 214, (8) py(8) Ay (8)+1y,(8)
* u g V= (2_Auvu(5))(2_Hv('5))+#u(5)ﬂv(5) ’ 1+ay(8)ay(8)

4.1 Proof of theorems
Let U, V and W be three Intuitionistic fuzzy sets, wu,(8),u,(8) and u,,(8)
A (8),0,(8) and A, (8) Dbe the corresponding membership and non-membership

respectively.
Theorem 4.1
Uu(Vnw)=Uuv)n(Uuw)
LHS = (1,(8), 8, (8)) U (min (1,(8), 1y (8)), max(a, (8), Ay, (8))
Let 1, (8) < up(8) < py(8) and 2, (8) < 4,(8) < a,(8) then.
= (1 (8),8,(8)) U (1 (8), Ay (8))

= max(,uu(é),uv(s)),min (8, (8),A,(8)) = (,uv(zs),,Au(zs)) ......... 1
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RHS=UUV) n(UUYV)
= {max(p, (8), 1y (8)) , min(a, (8), 4,(8))} N {max(p, (8), 1, (5)), min(a, (8), 2, (8))} -
= (1(8), 0,(8)) 0 (1 (), 84, (8))
= {min(p, (&), iy (8)), max(a,(8),2,(8))} = (1£,(8),8,(8)) wee e oo 2

So, from 1 and 2 us proved intuitionistic fuzzy sets are distributive in nature.

Theorem 4.2
UNn(Vuw)=U nNnV)u (U NnWw)

Similarly, we can prove the result as proved in theorem 1.

Theorem 4.3
URQVC UV
U QV =y (8), 1y (8),8,(8) + 8,(8) = 2,,(8), 4, (8)
U DV = (1, (8) + 11y (8) — 11, (8) 11, (8), 1, (8),(8))
Assume that u, (8)uy(8) < py(8) + up(8) — pyu(8) py(8)
= Uy (8) iy (8) — pyy (8) = 1y (8) + py, (8, (8) < 0
= 1 (8) + 1y (8) — pu () (8) — py (8)uy(8) = 0
= 1w, (8)(1 = 1y (8)) + pip(8) (1 — p, (8)) = 0
Which istrueas 0 < u,(8) <land 0 < pu,(s8) < 1.
Similarly, A, (8)a,(8) < A, (8) + A, (8) — A, (8)A,(8)
= 2y (8) + 2y (8) — 8, (8)4y(8) — Ay (8)a,(8) =0
= 2, (81— 2,(8)) + 2,(8)(1 = a,(8)) =0
which is true as 0 < ,(8) < 1and 0 < a,(8) <1

HenceU QVE U BV

Theorem 4.4

upu=2U
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1 (8) + 1 (8) — () (8), 2 (8 (8)
= 20,(8) — (1u(9))", (8u())’
= 21,(8) = (1u())” = 1(8) + 1, () (1 — 1, () = 1 (5)

And (a,(8))” < ay(s), hence UG U 2 U.

Similarly, we canprove U Q U € U.

Theorem 4.5
W©* =u
U = (py(8), 8,(8))
UC = (8u(8), 1u(8))
WO = (1y(8), 24 (5))
Theorem 4.6

wunt=utnve
LHS = (max(j1, (8), #4,(8)), min(a, (5), 4,(5))) ©
= min(ay (8), 4, (8)), max(pay, (8), 1y (8)) wv e cov e 1
RHS = UC 0V = (0,(5), () N (8,(5), 11,(5))
= min(a,(8), A, (8)), max(py (), fy(8)) o oo v a2
Hence from 1 and 2 LHS =RHS.

Similarly, we can prove.

Theorem 4.7

(Unv)t=utuve

Theorem 4.8
UG (Vuw)=UdV)uUDW)

LHS = {(16,(8),8,(8)) ® (1,(8), 8, (8)) U (it (8), 2y (8)) }
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= {(1u(8), 8,(8)) © (max(uy,(8), 1y (8)), min(a, (8), 4, (8)))}
= {(Mu(5):Au(5)) D (.uw(‘s):Ang))}
= {.uu(‘s) + Hw(‘s) - .uu(5)uw (5)rAu(5)Av(‘5)} P |

RHS = {11;(8) + i (8) — u; (&) (8), 4 (8. (8)}
U {ﬂu(‘s) N ,Ltw(é) - #u("s)ﬂw("s):Au(‘g)Aw(‘s)}

Assume that pu,(8) < u,(8) < uy,(8) and a,(8) < a,(8) < ay,(8) then.

max(ﬂu(‘s) + 1y (8) — 1y (8) 1, (8), pyy (8) + 1y, (8)
— 1, (&) (8)), min{(a,, (8)2, (), (a,(8)ay, (8))}

= {uu(8) + p (8) — 1 (8t (8), 8, (8)45 (8)} won v v e 10 2
From 1 and 2 we proved the result.

Similarly, we can prove.
Theorem 4.9

Uulew)=UuVv)d Uuw)
Theorem 4.10

UHMVUW)=UHV)UUHW)

LHS = (py (8), 2y (8)) B (max(py (8), iy (8)), min(ay (), 4y (5)))
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Assume that uy(8) < uy(8) < uy (8) and ay(8) < ap(8) < Ay (8)

then.
= (u(8), ay(8)) B (uw (), av(8))

_ by(8) + uw(s) 24y(8)ay ()

1+ uy(Suw (s)’ (2= 20 ®) 2 = 4y () + AgBhay(a) =TT

RHS = (uy(8),ay(8)) B (uy (8),ay(8)) U (1y(8), 2y (8)) B (uw (), A (8))

{_ uy (8)+uy(s) 2ay(8)ay () } {Mu(é)ﬂiw(é) 28y (8)ay (8)

1+uy (&) uw(s) ' (2-ay(8))(2—aw (8))+ay (8)aw (5))}

T 1+uy ) uv(8)’ (2-ay(8))(2-ay (8)) +ay (8)ay (8)

_ max< wy(8) + uy(8)  ny(8) + uy(s) >
1+ uy(uy(8) 1+ py (& (s) )’
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. < 28y (8)ay (8) 20y (8)ay (8) >
min ,
(2 — Ay (5))(2 - Av(ﬁ)) + 2y (8)ay (8) (2 — Ay (5))(2 - Aw(ﬁ)) + Ay (8)ay (8)

Letuy(8) < uy(8) < uy (8) and ay(s) < ap(8) < Ay (8) then

N IORS O 24y(8)ay ()
1+ 1y (uw (8) (2 — 4y (8))(2 — ay () + ag (&)ay(8) =77

From 1 and 2 result is proved
Similarly, we can prove.

Theorem 4.11

Uu(Vew)=UuVv) (UuWw)

5 Distance measure between I-FSs

Since distance measure refers to the distinction between I-FSs, it is conceivable to consider it as
a parallel concept to similarity measure. Due to the wide range of real-world applications, they
provide, such as pattern identification, machine learning, decision-making, and market
forecasting, distance measurements between I-FS, a key notion in fuzzy mathematics, are also
attracting a lot of attention. Many distance measurements between I-FSs have been presented
and researched in recent years. The following distance measures were put out by szmidt and
kacprzyk {17} between J and K:

e Hamming Distance.
1 n
dy(J,K) = Ez{luj(tj) —ug ()| + |84 (v)) — g4 | + |, () — dx ()]
j=1

e Normalized Hamming Distance.
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1 n
dg(J,K) = ﬁz{luj(tj) —ug ()] + gy () — g (wo| + | ;) — pk(t)|
=1
e Euclidean distance.
1 n
a5 K) = G ) [y (&) = we@D|” + |9es () = 9 wo|” + [, (&) = (e[}
=

e Normalized Euclidean distance.

1 - 2 2 2
dg(J,K) = {EZWJ(U) - uK(tj)l + |gtj(u]) - gtj(uk)l + |¢1(tj) - ¢K(tj)| 32
=

These distance measurements undoubtedly meet the metric's requirements, and the normalized
Euclidean distance has certain desirable geometric characteristics. Yet it might not fit as well in
practice. For instance, consider three I-FS J, K and L in the equation X = x; , where J= (1, 0,
0),K=(0,1,0),and L =(0, 0, 1). If we interpret using the ten-person deciding model, J = (1, 0,
0) represents ten people who are in favor of a candidate; K = (0, 1, 0) denotes ten people who
all are against him; and L = (0, 0, 1) represents ten people who all hesitate. So, it makes sense
for us to assume that J and L differ less from one another than J and K do. But, for the above-
described Euclidean distance, the distance between J and L is nearly identical to the distance
between J and K, which does not seem to make sense to us. As a result, we provide a more
broad definition of distance measure between I-FSs in this study based on the definition of
similarity measure provided by Li and Cheng {18} and was proved more reasonable than Li
and Cheng.

5.1 New distance measure between 1-FSs

For convenience, two IFSs J and K'in S are denoted by J = {s,u;(s),v;(s) |seS and K =

{s,ur(s),vi(s) | seS then we defined new distance for J and K by considering M-F and N-
MF.

dl(]rK) =

10 |1y (s = e ()| + vy (s) = vie (o))
Z; 4

N min(|u;(s;) — e ()|, vy () = vie(s)])
2
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5.1 Definition

A real function d:F!(s) x FI(s) = [0,1] is said to be a distance measure, if d satisfies the

following axioms:

(A) 0<d(,K)<1,V(,K)€F(s)

(B) d(,K)=0,IF J=K

(C) dU,K)=d(K,])

(D) IfE € K < Lwhere/,K,L € FI(s),thend(J,L) = d(J,K)and d(J,L) = d(K,L).

Now we will prove the above defined measure is a valid distance measure for I-FS.

4 0<d,(J,K)<1

Let J and K be two I-FS then we have.
|y (si) — p(s)| = 0
[v;(s) — v (s)| = 0
= d,(J,K) =0

then we have |u;(s;) — pe(s)| < 1 and |v;(s;) — vk (sp)] < 1
= d;(J,K) <1 hence 0 <d;(J,K) <1.

(B) Holds trivially.

Now we will prove for (C) and (D).

©) > di(,K)=d(K,])

we have
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dl(]iK) =

10 |1y () = me ()| + vy (s0) = vie (s0)|
E; 4

minp; () — u ()], [vy (s:) = vie(sy))]
2

lzn: |HK(5i) - Hj(si)l = |VK(SL') - Vj(si)l n mianK(Si) = H](Si)l; |VK(Si) - V](Si)l
n - 4 2

= dl(K!])

= dl(]'K) — dl(K»])
Now to prove (D)
di1(J,L) = d,(J,K)

it can be easily seen that.

|P—](Si) = p-L(Si)l = |H](Si) - HK(Si)l
And
|V](Si) 3 VL(Si)| 2 |V](Si) 3 VK(Si)l

so, we have

V](Si) — VL (Si)|

10 |1y Gs) = e G|+ vy (s —vi(so)| - minfw(s) = weGso),
E; 4 + 2

1 Z iy Gs0) = ] + vy (50 = vieCso)| | minly (5 = we e, [y, (5 = vieCs)|
n - 4 2
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then we get inequality d,(J,L) = d,(J, K) similarly we can prove d;(J,L) = d;(K,L) hence

satisfies condition (D), so we proved this is a valid distance measure for I-FSs.

5.2 Numerical example for pattern recognition

5.3 Example
Let's consider a pattern recognition problem regarding the classification of industrial materials.
Every material is represented by intuitionistic fuzzy sets 1;,1,,15,14,15 in the feature space
T = {t;,t,, ..., ts} (see table 1). We have one unknown industrial material M. Our purpose is to
clarify to which class this unknown material belongs. From the data given in table 1 we have

following results for d, (P, Q).

Table 1

un(t) | 0.739 | 0.033 | 0.188 | 0.492 | .020 | 0.739

v;1(t) | 0.125 | 0.818 | 0.626 | 0.358 | 0.628 | 0.125

U2(t) | 0.124 | 0.030 | 0.048 | 0.136 | 0.019 | 0.393

vp,(t) | 0.665 | 0.825 | 0.800 | 0.648 | 0.823 | 0.653

13(t) | 0.449 | 0.662 | 1.000 | 1.000 | 1.000 | 1.000

v;3(t) | 0.387 | 0.298 | 0.000 | 0.000 | 0.000 | 0.000

Ur4(t) | 0.280 | 0.521 | 0.470 | 0.295 | 0.188 | 0.735

v, (t) | 0.715 | 0.368 | 0.423 | 0.658 | 0.806 | 0.118

Us(t) | 0.326 | 1.000 | 0.182 | 0.156 | 0.049 | 0.675

v;s(t) | 0.452 | 0.000 | 0.725 | 0.765 | 0.896 | 0.263

um(t) | 0.629 | 0.524 | 0.210 | 0.218 | 0.069 | 0.658

vy (t) | 0.303 | 0.356 | 0.689 | 0.753 | 0.876 | 0.256

dl(lll M) = 0.199,d1(12, M) = 0.238,d1(13, M) = 0.470,d1([4, M) = 0.147,d1(15, M) =
0.109.
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The material M belongs to Is. Naturally, this conclusion agrees with Liang and Shi's findings
{17}. But our approach is far better as it contains inclusion relation which is failed for many

existing measures.

6 Conclusion
In conclusion, the study of FS extensions and I-FSs has significantly expanded our ability to
accurately model and analyze real-world systems that exhibit uncertainty and imprecision. By
defining various operators and distance metrics, we can manipulate and compare I-FSs,
enabling more nuanced and comprehensive analysis. The practical applications of these
extensions and metrics are vast, from decision-making processes to image recognition and data
compression. With the continued development and implementation of these tools, we can gain

deeper insights and make more informed decisions in various fields.
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